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Abstract

In this paper, we propose a new generalized discontinuous Galerkin (GDG) method for Schrödinger equations with
nonsmooth solutions. The numerical method is based on a reformulation of Schrödinger equations, using split distribu-
tional variables and their related integration by parts formulae to account for solution jumps across material interfaces.
The proposed GDG method can handle time dependent and nonlinear jump conditions ½u� ¼ f ðu�;uþÞ. Numerical results
for 1D and 2D time dependent Schrödinger equations validate the high order accuracy and the flexibility of the method for
various types of interface conditions.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In paraxial approximations for wave propagations [1,2] in optical waveguides, the time harmonic Max-
well’s equations are approximated by Schrödinger equations where the propagation direction is identified
as the time axis. Due to the mismatch of refractive indices in waveguides, the electromagnetic fields are dis-
continuous solutions to Schrödinger equations, a property not shared by the probability wave functions of
quantum mechanics. In order to handle the discontinuities, we propose in this paper to reformulate the Schrö-
dinger equations using distribution variables where Dirac d-functions are introduced as source terms to
account for the discontinuities in the solution and its derivatives. Discontinuous Galerkin projections of
the distribution variables are then used to obtain numerical discretizations, thus the name ‘‘generalized discon-
tinuous Galerkin (GDG) method’’.

The generalized discontinuous Galerkin (GDG) method extends the conventional discontinuous Galerkin
methods to Schrödinger equations with general jump conditions at interfaces. Discontinuous Galerkin
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methods have been used to handle solutions with jumps, such as the shock waves for nonlinear hyperbolic
systems. To account for those jumps, numerical fluxes are defined using local Riemann solvers for the hyper-
bolic systems [3–5]. Lately, the discontinuous Galerkin method has also been applied to elliptic problems [6–8]
where the numerical fluxes enforce continuities of the solutions similar to the interior penalty methods pro-
posed by Baker et al. [9–11]. In this paper the GDG method enforces the jump conditions at interfaces using
Dirac d-functions as source terms in the partial differential equations. Those d-functions act as penalty terms
in the ‘‘collocation’’ sense. Penalty terms using Lagrange multiplier have been used in the enforcement of
boundary conditions [12] and the coupling of domain decomposition spectral element method [13]. The advan-
tage of using the d-functions are three folds: (1) It can handle jump relationships of a general form
½u� ¼ f ðu�;uþÞ; ½u� ¼ uþ � u� where f ðu�;uþÞ can be nonlinear and time dependent functions. (2) The dis-
continuous Galerkin projection of the d-functions is natural due to the weak form definition of the distribution
variables. In fact, we will define Galerkin projection of an evenly split Dirac dðxÞ function in the sense ofR 0

�a vðxÞdðxÞdx ¼ � 1
2
vð0Þ, for a > 0 and its related integration by parts formula. (3) The GDG approach

can be easily extended to multi-dimensional problems and other types of PDEs of higher orders with non-
smooth solutions.

The remaining part of the paper is organized as follows. In Section 2, we will give a model problem of opti-
cal wave propagation in layered media using paraxial approximations and the jump conditions for the result-
ing 1D Schrödinger equation. Section 3 will reformulate the 1D Schrödinger equation using distributional
variables and also propose the generalized discontinuous Galerkin(GDG) method. Then, in Section 4, we
extend the GDG method to 2D cases. Section 5 contains numerical results validating the high accuracy
and convergence of the proposed GDG method and the flexibility of handling nonlinear time dependent jump
conditions. Finally, Section 6 gives the conclusion of the paper.

2. Schrödinger equations with nonsmooth solutions: paraxial approximation of wave propagations

To motivate the work of the generalized discontinuous Galerkin (GDG) method, we present a model prob-
lem on the paraxial approximation of wave propagations in a 3-layer media with dissimilar dielectric
constants.

Assuming no charge nor current source and time harmonic field (with frequency x), we have the following
time harmonic Maxwell equations
r� E
! ¼ �ixlH

!
;

r� H
! ¼ ix�E

!
;

r � ð�E
!Þ ¼ 0;

r � ðlH
!Þ ¼ 0:

8>>>>><>>>>>:
ð1Þ
Combining the first two equations and solving for E
!

, we get the vector wave equation
r�r� E
!¼ x2�l E

!
; ð2Þ
which will lead to
r2 E
!þ x2�l E

!¼ rðr � E
!Þ: ð3Þ
Let us consider the case E
!

is independent of y, namely
E
!¼ E

!ðx; zÞ; ð4Þ

and also � is a piecewise constant, say
� ¼
�1 in X1 ¼ fa 6 x < s1g;
�2 in X2 ¼ fs1 < x < s2g;
�3 in X3 ¼ fs2 < x 6 bg:

8><>: ð5Þ



K. Fan et al. / Journal of Computational Physics 227 (2008) 2387–2410 2389
Then, we can decouple Ey from Ex and Ez in (3), and get the following scaler Helmholtz equation for Ey

component
r2Ey þ x2�lEy ¼ 0; in X ¼ ½a; b� n fs1; s2g; ð6Þ

with continuity at interface given as, for k ¼ 1; 2,
Eyðs�k ; zÞ ¼ Eyðsþk ; zÞ; ð7Þ
oEyðs�k ; zÞ

ox
¼ oEyðsþk ; zÞ

ox
: ð8Þ
Now assume
Eyðx; zÞ ¼ uðx; zÞe�ibI z; in XI ; I ¼ 1; 2; 3; ð9Þ
where u is an envelope function which varies slowly along the propagation direction z. By applying the slowly
varying envelope approximation (paraxial approximation), i.e.
o2u
oz2

���� ����� 2bI
ou
oz

���� ����; ð10Þ
we can ignore the second order derivative in z and get the following scalar beam propagation equation
i2bI
ou
oz
¼ o2u

ox2
þ ðx2�Il� b2

I Þu; in XI : ð11Þ
Choosing
bI ¼ x
ffiffiffiffiffiffiffi
�Il
p

; ð12Þ
we have
i2bI
ou
oz
¼ o

2u
ox2

; in XI ; I ¼ 1; 2; 3; ð13Þ
with jump condition, for k ¼ 1; 2,
e�ibk zuðs�k ; zÞ ¼ e�ibkþ1zuðsþk ; zÞ; ð14Þ

e�ibk z ouðs�k ; zÞ
ox

¼ e�ibkþ1z ouðsþk ; zÞ
ox

: ð15Þ
3. 1D GDG method

3.1. Distributional formulation of the Schrödinger equation with nonsmooth solutions

Replacing z by t in (13), we have the 1D Schrödinger equation with zero potential
ic
ouðx; tÞ

ot
¼ o2uðx; tÞ

ox2
; for x 2 ½a; b� n fs1; s2g; ð16Þ
where u is a complex-valued wave function, and c is given as
c ¼ 2bI ¼ 2x
ffiffiffiffiffiffiffi
�Il
p

; in XI I ¼ 1; 2; 3: ð17Þ

With the shorthand notation
½uðsk; tÞ� ¼ uðsþk ; tÞ � uðs�k ; tÞ; ð18Þ
we can write the jump conditions at sk, k ¼ 1; 2 as
½uðsk; tÞ� ¼ fkðtÞ; ð19Þ
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ouðsk; tÞ
ox

� �
¼ gkðtÞ; ð20Þ
which, from (14) and (15), are given by
fkðtÞ ¼
1

2
ei
ðckþ1�ck Þ

2 t � 1
� �

uðs�k ; tÞ þ
1

2
1� ei

ðck�ckþ1Þ
2 t

� �
uðsþk ; tÞ; ð21Þ

gkðtÞ ¼
1

2
ei
ðckþ1�ck Þ

2 t � 1
� � ouðs�k ; tÞ

ox
þ 1

2
1� ei

ðck�ckþ1Þ
2 t

� � ouðsþk ; tÞ
ox

: ð22Þ
Next we incorporate the jump conditions into (16) using d and d0 source terms at s1; s2, namely,
ic
ouðx; tÞ

ot
¼ o

2uðx; tÞ
ox2

� g1ðtÞdðx� s1Þ � g2ðtÞdðx� s2Þ � f1ðtÞd0ðx� s1Þ � f2ðtÞd0ðx� s2Þ; for x 2 ½a; b�:

ð23Þ

The key idea here is the use of the d and d0 source terms to compensate the singularity introduced by the jump
conditions at interfaces. This approach of using d functions to account for the jump conditions provides an
alternative way to traditional interior penalty method [12,13], which uses Lagrange multipliers to enforce
the continuities of solutions.

Remark 1. In the derivations above, we have selected different constant bI for XI in (12) for generality of jump
conditions. In practice a single propagation constant b (obtained by solving the eigenmodes for the
waveguide) is usually selected for the beam propagation method of wave propagation. For 3D problems, the
electrical field will be discontinuous across interfaces of materials of dissimilar dielectric constants, the jumps
in (21) and (22) will be nonzero in general.
3.2. 1D generalized discontinuous Galerkin (GDG) method

To avoid dealing with d0 in (23), we introduce an auxiliary distributional variable p to rewrite (23) as
ic
ou
ot
¼ op

ox
� g1ðtÞdðx� s1Þ � g2ðtÞdðx� s2Þ; ð24aÞ

p ¼ ou
ox
� f1ðtÞdðx� s1Þ � f2ðtÞdðx� s2Þ: ð24bÞ
Now, both u; p are piecewise continuous functions over ½a; b�, while ou
ox ;

op
ox are treated as distributions.

To derive finite element approximation of (24a) and (24b), we first divide X ¼ ½a; b� into N segments as
fa ¼ x0 < � � � < xk1
¼ s1 < � � � < xk2

¼ s2 < � � � < xN ¼ bg; ð25Þ

and denote element
K ¼ ½xk; xkþ1�; for k ¼ 0; . . . ;N � 1: ð26Þ

To proceed, we will need the following evenly split d-function
Z 0

�a
vðxÞdðxÞdx ¼ � 1

2
vð0Þ; for a > 0; vðxÞ 2 Cð�a; 0�; ð27Þ
and integration by parts identities for distributional variables ou
ox ;

op
ox over closed interval,
Z sþh

s

ou
ox

vðxÞdx ¼ uðsþ hÞvðsþ hÞ � fugvðsÞ �
Z sþh

s

ov
ox

uðxÞdx; ð28ÞZ sþh

s

op
ox

vðxÞdx ¼ pðsþ hÞvðsþ hÞ � fpgvðsÞ �
Z sþh

s

ov
ox

pðxÞdx; ð29Þ
where fug ¼ 1
2
ðuðsþÞ þ uðs�ÞÞ denotes the average of the values of function u at the interface s ¼ sk. The

proofs of (27)–(29) are given in Appendix 1.



K. Fan et al. / Journal of Computational Physics 227 (2008) 2387–2410 2391
Let P J ðKÞ be the space of polynomials in K of degree at most J, and v 2 L1½a; b� be a test function, where
vjK 2 P J ðKÞ for K ¼ 0; . . . ;N � 1. Let us consider the first segment on the right of the interface, say
K ¼ ½xk1

; xk1þ1�, xk1
¼ s1. By multiplying (24a) by v and integrating by part over K, we get
ic
Z

K

ou
ot

vdx ¼ pvjx�
k1þ1
� fpgðs1Þvðxþk1

Þ �
Z

K
p

dv
dx

dx� g1ðtÞ
Z

K
dðx� s1Þvdx

¼ pvjx�
k1þ1
� ðfpgðs1Þ þ

1

2
g1ðtÞÞvðxþk1

Þ �
Z

K
p

dv
dx

dx; ð30Þ
where the factor 1
2

in front of g1ðtÞ comes from (27). Eq. (30) suggests that we should define the fluxes at the
right hand side of the interface xþk1

¼ sþ1 as
huðxþk1
Þ ¼ fpgðxk1

Þ þ 1

2
g1ðtÞ; ð31Þ
and at x�k1þ1 as
huðx�k1þ1Þ ¼ pðx�k1þ1Þ: ð32Þ
Repeating the above for K ¼ ½xk1�1; xk1
�, xk1

¼ s1, one gets the fluxes at the left hand side of the interface
x�k1
¼ s�1 as
huðx�k1
Þ ¼ fpgðxk1

Þ � 1

2
g1ðtÞ; ð33Þ
and at xþk1�1 as
huðxþk1�1Þ ¼ pðxþk1�1Þ: ð34Þ
As the solution is continuous at xk1�1, we can replace (32) and (34) by
huðx�k1�1Þ ¼ fpgðxk1�1Þ: ð35Þ
Similarly, we can define the fluxes for p as
hpðs�1 Þ ¼ fugðs1Þ �
1

2
f1ðtÞ; ð36Þ

hpðx�k1�1Þ ¼ fugðxk1�1Þ: ð37Þ
In general, for K ¼ ½xk; xkþ1�, we will have the following Galerkin discretization for (24a) and (24b)
ic
Z

K

ou
ot

vdx ¼ huðx�kþ1Þvðx�kþ1Þ � huðxþk Þvðxþk Þ �
Z

K
p

dv
dx

dx; ð38ÞZ
K

pv dx ¼ hpðx�kþ1Þvðx�kþ1Þ � hpðxþk Þvðxþk Þ �
Z

K
u

dv
dx

dx; ð39Þ
where if xk 6¼ s1; s2,
huðx�k Þ ¼ fpgðxkÞ; ð40Þ
hpðx�k Þ ¼ fugðxkÞ; ð41Þ
and at s ¼ sk; k ¼ 1; 2
huðs�Þ ¼ fpgðsÞ �
1

2
gkðtÞ; ð42Þ

hpðs�Þ ¼ fugðsÞ �
1

2
f kðtÞ: ð43Þ
Remark 2. In (42) and (43), if we substitute fkðtÞ ¼ ½u�ðskÞ; gkðtÞ ¼ ½
ouðsk ;tÞ

ox � ¼ ½p�ðskÞ, the fluxes take a similar
form of the LDG flux in [6,7] with 1

2 weighting factor for the jumps of the solution. However, it should be
noted that the generalized Galerkin approach provides the mathematical justification for the use of fug; ½u� or
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fpg; ½p� even when the solution and its derivatives are discontinuous at the interface. In Section 3.3, we will
show the consistence of the numerical scheme using (42) and (43) at the material interface.

Remark 3. Away from the jump interface sk, other forms of numerical fluxes [6] including IP and LDG can be
used in (40) and (41) to address the possible spurious modes of high order discontinuous Galerkin methods.

Let /jðxÞ; j ¼ 0; 1; . . . ; J be the basis functions, and we expand u and p as
uðx; tÞ ¼
XJ

j¼0

ujðtÞ/jðxÞ; pðx; tÞ ¼
XJ

j¼0

pjðtÞ/jðxÞ; ð44Þ
and in each K, by choosing the test function v ¼ /lðxÞ for l ¼ 0; . . . ; J , and denoting mlj and mx
lj as
mlj ¼
Z

K
/l/j dx; mx

lj ¼
Z

K

d/l

dx
/j dx; ð45Þ
we have
ic
X

j

mlj
duj

dt
¼ huðxkþ1Þ/lðx�kþ1Þ � huðxkÞ/lðxþk Þ �

X
j

mx
ljpj; ð46aÞ

X
j

mljpj ¼ hpðxkþ1Þ/lðx�kþ1Þ � hpðxkÞ/lðxþk Þ �
X

j

mx
ljuj: ð46bÞ
Let us define the mass matrix M and the stiff matrix Mx
M ¼ ðmijÞ; Mx ¼ ðmx
ijÞ ð47Þ
and the following vectors
u!¼ ½u0 � � �uJ �
T
; p!¼ ½p0 � � � pJ �

T
; /
!¼ ½/0 � � �/J �

T
;

we get the following system of ODEs
ic
d u!
dt
¼ M�1½huðxkþ1Þ/

!ðx�kþ1Þ � huðxþk Þ/
!ðxþk Þ �Mx p!�; ð48aÞ

p!¼ M�1½hpðx�kþ1Þ/
!ðx�kþ1Þ � hpðxþk Þ/

!ðxþk Þ �Mx u!�; ð48bÞ
which can also be written for the primary variable u! after eliminating p! as
d u!
dt
¼ S u!: ð49Þ

rk 4. (Stability of GDG) The stability of the GDG discretization of the Schrödinger Eq. (16) is related to
Rema

the eigenvalue distribution of the derivative matrix S, which should have a strictly negative real part. This is
confirmed by numerical calculations of the eigenvalues for matrix S with homogeneous end boundary
conditions. Figs. 1 and 2 show the eigenvalues in the complex plane with negative real parts and very small
imaginary parts for the cases of second order basis J ¼ 2 and N ¼ 8; 32, respectively. Further theoretical study
of the stability of the GDG is needed.
3.3. Consistence of zeroth order 1D GDG method

In this subsection, we will demonstrate the consistence of the proposed GDG method (48a) and (48b) by
deriving the truncation error of the 1D zeroth order case. The convergence of higher order GDG method will
be verified with numerical tests in Section 5.
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First, we will find the equivalent finite difference formula by identifying the numerical solution as the
approximation to the exact solution at the middle point xiþ1

2
of the interval ½xi; xiþ1�. And for simplicity, the

location of the interface (jump) is set to be the origin. Let uðx; tÞ be the exact solution to the Schrödinger equa-
tion and the interface jump condition at x ¼ 0 plus additional boundary conditions at the exterior boundaries
(not shown in Fig. 3), then (24a) and (24b) becomes
ic
ou
ot
¼ op

ox
� gðtÞdðxÞ; ð50aÞ

p ¼ ou
ox
� f ðtÞdðxÞ; ð50bÞ

B1½u� 	 uð0þ; tÞ � uð0�; tÞ � f ðtÞ ¼ 0; ð50cÞ

B2½u� 	
ouð0þ; tÞ

ox
� ouð0�; tÞ

ox
� gðtÞ ¼ 0: ð50dÞ
As shown in Fig. 3, over the four intervals around x ¼ 0 we identify u�1, u�0 , uþ0 , u1 as the approximations to
uð� 3h

2
Þ, uð� h

2
Þ, uðh

2
Þ, uð3h

2
Þ, respectively; p�1, p�0 , pþ0 , p1 as the approximations to u0ð� 3h

2
Þ, u0ð� h

2
Þ, u0ðh

2
Þ, u0ð3h

2
Þ,

respectively.
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Meanwhile, hu and hp are the numerical flux of u and p, at x ¼ �h; 0�; h given by (40)–(43), i.e.
huð�hÞ ¼ 1

2
p�1 þ

1

2
p�0 ; huð0�Þ ¼ p�0 ; huðhÞ ¼

1

2
pþ0 þ

1

2
p1; ð51Þ

hpð�hÞ ¼ 1

2
u�1 þ

1

2
u�0 ; hpð0�Þ ¼ u�0 ; hpðhÞ ¼

1

2
uþ0 þ

1

2
u1: ð52Þ
The semi-discretized system (continuous in time) to (50a)–(50d) is given as
ic
ou�0
ot
¼ L½ui; pi�j0� 	 �

1

h
ðhuð0�Þ � huð�hÞÞ;

p�0 ¼ �
1

h
ðhpð0�Þ � hpð�hÞÞ;

B1½u� 	 ðuþ0 � u�0 Þ � f ðtÞ ¼ 0;

B2½u� 	 ðpþ0 � p�0 Þ � gðtÞ ¼ 0:
Using (51) and (52) to express p�0 ; p
þ
0 in terms of u as
p�0 ¼ �
1

h
ðhpð0�Þ � hpð�hÞÞ ¼ � 1

2h
ðu�0 � u�1Þ;
we get
ic
ou�0
ot
¼ 1

4h2
ðu�0 � u�1Þ �

1

2h
p�1; ð53Þ

ic
ouþ0
ot
¼ 1

2h
p1 �

1

4h2
ðu1 � uþ0 Þ: ð54Þ
Now, define the truncation errors for the interface conditions at x ¼ 0 as
T B1
ðuÞ 	 u

h
2
; t

� 	
� u

�
� h

2
; t
	� 	
� f ðtÞ;

T B2
ðuÞ 	 ou

ox
h
2
; t

� 	
� ou

ox
� h

2
; t

� 	� 	
� gðtÞ;
and truncation errors at x ¼ 0� for the semi-discretized finite difference scheme (53) and (54) as
T 0� ½u; p� ¼ ic
ou
ot
� L½u; p�j0� ¼ ic

ou
ot
� 1

4h2
u � h

2
; t

� 	
� u � 3h

2
; t

� 	� 	
þ 1

2h
p � 3h

2
; t

� 	
;

T 0þ ½u; p� ¼ ic
ou
ot
� L½u; p�j0þ ¼ ic

ou
ot
� 1

2h
p

3h
2
; t

� 	
þ 1

4h2
ðu 3h

2
; t

� 	
� u

h
2
; t

� 	
Þ:
By Taylor expansions at x ¼ 0�; k ¼ 1; 3,
u � kh
2

� 	
¼ uð0�Þ � k

2
hu0ð0�Þ þ k2

8
h2u00ð0�Þ þ Oðh3Þ; ð55Þ

p � kh
2

� 	
¼ u0ð0�Þ � k

2
hu00ð0�Þ þ Oðh2Þ; ð56Þ
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and, using the Schrödinger equation ic ou
ot ¼

o2u
ox2 at x ¼ 0�, one can get
T B1
ðuÞ 	 OðhÞ; T B2

ðuÞ 	 OðhÞ; T 0� ½u; p� 	 OðhÞ:
4. 2D GDG method

In this section, we will extend the GDG method to 2D time dependent Schrödinger equations with non-
smooth solutions. Let the solution domain X be decomposed into regions Xi with jumps across their interfaces,
i.e. X ¼ [iXi:

We consider the following time dependent scalar 2D Schrödinger equation, for ðx; yÞ 62 C ¼ [ioXi
ic
ou
ot
¼ o2u

ox2
þ o2u

oy2
þ SðuÞ; ð57Þ
where c is a constant in each Xi and S is a source term. The jumps at ðx
; y
Þ 2 C, are given as
f ðx
; y
; tÞ ¼ ½uðx
; y
; tÞ� ¼ uðx
þ; y
þ; tÞ � uðx
�; y
�; tÞ; ð58Þ

gðx
; y
; tÞ ¼ ouðx
; y
; tÞ
on

� �
¼ ouðx
þ; y
þ; tÞ

on
� ouðx
�; y
�; tÞ

on
ð59Þ
where n is the normal of the interface C.
On the interface C, a local coordinate (n; gÞ will be introduced where n is along the normal direction and g is

along the tangential direction(s). Following the same procedure as for (24a,24b), we can rewrite (57) as
ic
ou
ot
¼ op

ox
þ oq

oy
� dðn� n
Þjrnj2g þ S; ð60aÞ

p ¼ ou
ox
� dðn� n
Þf on

ox
; ð60bÞ

q ¼ ou
oy
� dðn� n
Þf on

oy
: ð60cÞ
The justification for the d-function terms are given in (A.25)–(A.27) of Appendix 2, which are used to com-
pensate the singularities from the differentiations of the solutions across the interface C.

As in 1D case, to derive a Galerkin projection for (60a)–(60c), we will use the property of split distributions
in the 2D case given in (A.15) and their integration by parts formula (A.16) and (A.17). Then, for each element
K in the discretization of X, let P J ðKÞ denote the space of polynomials in K of degree at most J, and v 2 L1ðXÞ
the test function, where vjK 2 P J ðKÞ. Multiplying Eqs. (60a)–(60c) by v and integrating by parts in K, we can get
ic
Z

K

ou
ot
¼
Z

oK
hx

uvnx ds�
Z

K
p

ov
ox

dxdy þ
Z

oK
hy

uvny ds�
Z

K
q

ov
oy

dxdy þ
Z

K
Svdxdy; ð61aÞZ

K
pv dxdy ¼

Z
oK

hpvnx ds�
Z

K
u

ov
ox

dxdy; ð61bÞZ
K

qvdxdy ¼
Z

oK
hqvny ds�

Z
K

u
ov
oy

dxdy; ð61cÞ
where ðnx; nyÞ is the external normal of oK and ðhx
u; h

y
u; hp ¼ hqÞ are numerical fluxes, which relate to ðp; q;uÞ at

oK, are given as, for x!¼ ðx; yÞ 2 oK,
hx
uð x!�Þ ¼ fpg � ax; hy

uð x!�Þ ¼ fqg � ay ; hpð x!�Þ ¼ fug � b; ð62Þ

where + indicates the exterior side of the oK and ax; ay ; b from jump conditions are defined as
ðax; ay ; bÞ ¼
1
2
gjrnjnx;

1
2
gjrnjny ;

1
2
f


 �
; if C \ K 6¼ ;

ð0; 0; 0Þ; if C \ K ¼ ;

�
: ð63Þ
As in (40)–(43) for 1D case, simple averages are used in (62) for all element boundaries except the material
interface, where averages plus/minus half of the jump are used.
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Let /jðx; yÞ, j ¼ 0; 1; . . . ; nJ be the basis functions, where nJ þ 1 is the number of basis functions required
for Jth order approximation, and we expand u; p; q as
u ¼
XnJ

j¼0

ujðtÞ/jðx; yÞ; q ¼
XnJ

j¼0

qjðtÞ/jðx; yÞ; p ¼
XnJ

j¼0

pjðtÞ/jðx; yÞ; ð64Þ
and choose the test function vðx; yÞ ¼ /lðx; yÞ for l ¼ 0; 1; . . . ; nJ , we get
ic
X

j

mlj
duj

dt
¼
Z

oK
ðhx

unx þ hy
unyÞ/l ds�

X
j

ðmx
ljpj þ my

ljqjÞ þ sl; ð65aÞ

X
j
mljpj ¼

Z
oK

hpnx/lds�
X

j

mx
ljuj; ð65bÞ

X
j
mljqj ¼

Z
oK

hqny/lds�
X

j

my
ljuj; ð65cÞ
where sl ¼
R

K S/l dxdy and
mlj ¼
Z

K
/l/j dxdy; mx

lj ¼
Z

K

o/l

ox
/j dxdy; my

lj ¼
Z

K

o/l

oy
/j dxdy: ð66Þ
Now let us define the mass matrix M and the stiff matrices Mx;My as
M ¼ ðmijÞ; Mx ¼ ðmx
ijÞ; My ¼ ðmy

ijÞ; ð67Þ

and the vectors
u!¼ ½u0; . . . ;unJ
�T; /

!¼ ½/0; . . . ;/nJ
�T;

p!¼ ½p0; . . . ; pnJ
�T; q!¼ ½q0; . . . ; qnJ

�T; s!¼ ½s0; . . . ; snJ �
T
:

In each K, we will get the following system of ODEs,
ic
d u!
dt
¼ M�1

Z
oK
ðhx

unx þ hy
unyÞ/
!

ds�Mx p!�My q!þ s!
� 	

; ð68Þ

p!¼ M�1

Z
oK

hpnx /
!

ds�Mx u!
� 	

; ð69Þ

q!¼ M�1

Z
oK

hqny /
!

ds�My u!
� 	

; ð70Þ
which will be solved by Runge–Kutta methods.

5. Numerical results

5.1. 1D numerical results

In the following numerical tests, the time derivatives in (48a) and (48b) are discretized with a fourth
order Runge–Kutta method and the time step Dt is chosen based on an empirical formula Dt 6
ðDxÞ2=ðð2J þ 1Þ2= 
 kmaxÞ where Dx is the element size and kmax is the largest magnitude of the eigenvalues
of matrix S in (49). All error plots and Tables are given at the final simulation time t ¼ 8.

5.1.1. Linear homogeneous jump conditions

We consider the 1D Schrödinger Eq. (16) with the following exact discontinuous solution
uðx; tÞ ¼
eiE1tðA1 eikx1

x þ B1 e�ikx1
xÞ; x 2 ½�2;�1Þ

eiE2tðA2 eikx2
x þ B2 e�ikx2

xÞ; x 2 ð�1; 1Þ
eiE3tðA3 eikx3

x þ B3 e�ikx3
xÞ; x 2 ð1; 2�

8><>: ; ð71Þ
where EI ¼ k2
xI
=cI for I ¼ 1; 2; 3.
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In the numerical test, uðx; t ¼ 7Þ is taken as the initial condition to yield a jump in the solution and exact
boundary condition at x ¼ �2 are used. The parameters are chosen as kx1

¼ kx2
¼ kx3

¼ 4; c1 ¼ c3 ¼ 3; c2 ¼
3:1, A1 ¼ A3 ¼ eiðE2�

c2
2 Þt;A2 ¼ eiðE1�

c1
2 Þt; B1 ¼ B2 ¼ B3 ¼ 0. In this case the jump conditions are given by (21) and

(22) with �1 ¼ �3 ¼ 1:52, �2 ¼ 1:552 and x ¼ 1 for the ck in (17).
Figs. 4 and 5 are plots of the numerical solutions vs exact solutions at t = 8. Fig. 6 is the convergence plot

for J = 0, 1, 2, 3 with N = 32. Fig. 7 is the log error plot for N = 8, 16, 32 with J = 2. Meanwhile, Table 1 is the
L2 errors for N = 8, 16, 32 with J = 1, 2, 3.

5.1.2. Linear inhomogeneous jump conditions

As an example of inhomogeneous interface condition, we add an inhomogeneous term in each of (14) and
(15), for k ¼ 1; 2,
e�ibk tuðs�k ; tÞ ¼ e�ibkþ1tuðsþk ; tÞ þ q2k�1; ð72Þ

e�ibk t ouðs�k ; tÞ
ox

¼ e�ibkþ1t ouðsþk ; tÞ
ox

þ q2k: ð73Þ
then, (21) and (22) should be modified as
fkðtÞ ¼
1

2
ei
ðckþ1�ck Þ

2 t � 1
� �

uðs�k ; tÞ þ 1� ei
ðck�ckþ1Þ

2 t
� �

uðsþk ; tÞ � q2k�1 ei
ck
2 t þ ei

ckþ1
2 t

� �h i
; ð74Þ
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Fig. 4. Real part for the case of linear homogeneous jump.
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Fig. 5. Imaginary part for the case of linear homogeneous jump.
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Fig. 6. Exponential decay of the L2 error with increasing order of basis for the case of 1D linear homogeneous jump.
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Fig. 7. The log error with decreasing mesh size for second order basis J = 2 for the case of 1D linear homogeneous jump.

Table 1
L2 errors with J = 1, 2, 3 for the case of 1D linear homogeneous jump

J = 1 J = 2 J = 3

N Dt L2 Order Dt L2 Order Dt L2 Order

8 4e�3 9.0711e�2 – 4e�4 3.3388e�2 – 4e�5 1.2149e�3 –
16 1e�3 4.2692e�2 1.0872 1e�4 4.3116e�3 2.9530 1e�5 1.0722e�4 3.5022
32 2.5e�4 9.8135e�3 2.1211 2.5e�5 5.0634e�4 3.0900 2.5e�6 7.5933e�6 3.8197
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gkðtÞ ¼
1

2
ei
ðckþ1�ck Þ

2 t � 1
� � ouðs�k ; tÞ

ox
þ 1� ei

ðck�ckþ1Þ
2 t

� � ouðs�k ; tÞ
ox

� q2k ei
ck
2 t þ ei

ckþ1
2 t

� �� �
: ð75Þ
For this case, the exact solution is
uðx; tÞ ¼
eiE1tðA1 eikx1

x þ B1 e�ikx1
xÞ þ bA1xþ bB1; x 2 ½�2;�1Þ

eiE2tðA2 eikx2
x þ B2 e�ikx2

xÞ þ bA2xþ bB2; x 2 ð�1; 1Þ
eiE3tðA3 eikx3

x þ B3 e�ikx3
xÞ þ bA3xþ bB3; x 2 ð1; 2�

8><>: ð76Þ
where the parameters are chosen as kx1
¼ kx2

¼ kx3
¼ 4; c1 ¼ c3 ¼ 3, c2 ¼ 3:1, A1 ¼ A3 ¼ eiðE2�

c2
2 Þt, A2 ¼ eiðE1�

c1
2 Þt,

B1 ¼ B2 ¼ B3 ¼ 0, bA1 ¼ bA3 ¼ e�i
c2
2 t, bA2 ¼ e�i

c1
2 t þ 0:2ei

c2
2 t, bB1 ¼ bB3 ¼ e�i

c2
2 t; bB2 ¼ e�i

c1
2 t þ 0:1ei

c2
2 t, so that the jump
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conditions are given by (74) and (75) for �1 ¼ �3 ¼ 1:52, �2 ¼ 1:552 and x ¼ 1 for the ck in (17) and q1 ¼ 0:1,
q2 ¼ �0:2, q3 ¼ �0:1, q4 ¼ 0:2. uðt ¼ 7Þ is chosen as the initial condition.

Figs. 8 and 9 are plots of the numerical solutions vs exact solutions at t = 8. Fig. 10 is the convergence plot
for J = 0, 1, 2, 3 with N = 32. Fig. 11 is the log error plot for N = 8, 16, 32 with J = 2. And Table 2 is the L2

errors for N = 8, 16, 32 with J = 1, 2, 3.

5.1.3. Nonlinear jump conditions

Next, we consider nonlinear jump conditions, we choose the parameters in (76) as kx1
¼

2; kx2
¼ 4; kx3

¼ �2, c1 ¼ c3 ¼ 3; c2 ¼ 3:1, A1 ¼ e
1
2iðE2t�kx2

Þ; A2 ¼ e2iðE1t�kx1
Þ;A3 ¼ e

1
2iðE2t�kx2

Þ; B1 ¼ B2 ¼ B3 ¼
0, bA1 ¼ bA2 ¼ bA3 ¼ 0, bB1 ¼ bB2 ¼ bB3 ¼ 0, so that we will have the following nonlinear jump conditions
u2ð�1�Þ ¼ uð�1þÞ; ouð�1�Þ
ox

� 	2

¼ i
ouð�1þÞ

ox
; uð1�Þ ¼ u2ð1þÞ; i

ouð1�Þ
ox

¼ ouð1þÞ
ox

� 	2

;

and, correspondingly, we have in (21) and (22)
f1ðtÞ ¼
1

2
ðu2ð�1�Þ � uð�1�ÞÞ þ 1

2
ðuð�1þÞ � u

1
2ð�1þÞÞ;

f2ðtÞ ¼
1

2
ðu1

2ð1�Þ � uð1�ÞÞ þ 1

2
ðuð1þÞ � u2ð1þÞÞ;
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Fig. 8. Real part for the case of linear inhomogeneous jump.
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Fig. 9. Imaginary part for the case of linear inhomogeneous jump.
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Fig. 11. The log error with decreasing mesh size for second order basis J = 2 for the case of 1D inhomogeneous jump.

0 0.5 1 1.5 2 2.5 3
−6

−5

−4

−3

−2

−1

0

order of basis function

Lo
g1

0 
of

 L
2  e

rr
or

Fig. 10. Exponential decay of the L2 error with increasing order of basis for the case of 1D inhomogeneous jump.

Table 2
L2 errors with J = 1, 2, 3 for the case of 1D linear inhomogeneous jump

J = 1 J = 2 J = 3

N Dt L2 Order Dt L2 Order Dt L2 Order

8 4e�3 1.8203e�1 – 4e�4 3.6616e�2 – 4e�5 1.4220e�3 –
16 1e�3 4.9122e�2 1.8897 1e�4 5.0381e�3 2.8615 1e�5 1.2580e�4 3.4987
32 2.5e�4 1.0682e�3 2.2011 2.5e�5 5.9317e�4 3.0863 2.5e�6 8.8845e�6 3.8236
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g1ðtÞ ¼
1

2
�i

ouð�1�Þ
ox

� 	2

� ouð�1�Þ
ox

 !
þ 1

2

ouð�1þÞ
ox

� i
ouð�1þÞ

ox

� 	1
2

 !
;

g2ðtÞ ¼
1

2
i
ouð1�Þ

ox

� 	1
2

� ouð1�Þ
ox

 !
þ 1

2

ouð1þÞ
ox

þ i
ouð1þÞ

ox

� 	2
 !

:

uðt ¼ 7Þ is chosen as the initial condition. Figs. 12 and 13 are plots of the numerical solutions vs exact solu-
tions at t = 8. Fig. 14 is the convergence plot for J = 0, 1, 2, 3 with N = 32. Fig. 15 is the log error plot for
N = 8, 16, 32 with J = 2. And Table 3 is the L2 errors for N = 8, 16, 32 with J = 1, 2, 3.
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Fig. 12. Real part for the case of nonlinear jump.
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Fig. 13. Imaginary part for the case of nonlinear jump.
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Fig. 14. Exponential decay of the L2 error with increasing order of basis for the case of 1D nonlinear jump.
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Fig. 15. The log error with decreasing mesh size for second order basis J = 2 for the case of 1D nonlinear jump.

Table 3
L2 errors with J = 1, 2, 3 for the case of 1D nonlinear jump

J = 1 J = 2 J = 3

N Dt L2 Order Dt L2 Order Dt L2 Order

8 4e�3 1.6756e�1 – 4e�4 2.3174e�2 – 4e�5 8.6352e�4 –
16 1e�3 3.5579e�2 2.2356 1e�4 3.0480e�3 2.9266 1e�5 7.5649e�5 3.5128
32 2.5e�4 6.8577e�3 2.3752 2.5e�5 3.5683e�4 3.0945 2.5e�6 5.3475e�6 3.8223
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5.2. 2D numerical result

Assuming that the time dependent factor is eiEt, the exact solution to a 2D scalar Schrödinger equation
ic
ou
ot
¼ r2uðx; y; tÞ
Fig. 16. 2D mesh.
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given as
uðx; tÞ ¼ eiE1tðA1 eikx1
xþiky1

y þ B1 e�ikx1
x�iky1

yÞ; x 2 X1

eiE2tðA2 eikx2
xþiky2

y þ B2 e�ikx2
x�iky2

yÞ; x 2 X2

(
ð77Þ
where Ei ¼ ðk2
xi
þ k2

yi
Þ=ci for i ¼ 1; 2, and
X1 ¼ fðx; yÞjx2 þ y2
6 1g; X2 ¼ fðx; yÞj1 6 x2 þ y2

6 2g: ð78Þ

The parameters are chosen as kx1

¼ kx2
¼ ky1

¼ 2; ky2
¼ 3, c1 ¼ 3; c2 ¼ 3:1, A1 ¼ A2 ¼ 1; B1 ¼ B2 ¼ 0 and

jump given at interface (x2 þ y2 ¼ 1) are
f ðx; y; tÞ ¼ eiE2t eikx2
xþiky2

y � eiE1teikx1
xþiky1

y ;

gðx; y; tÞ ¼ eiE2tðikx2
xþ iky2

yÞeikx2
xþiky2

y � eiE1tðikx1
xþ iky1

yÞeikx1
xþiky1

y :
Fig. 16 is the mesh used in the computation. Starting from t = 0, solution is computed up to t = 1 with a
time step Dt ¼ 1e� 6. Figs. 17 and 18 are real and imaginary part of the numerical results using a 3-rd
order basis, respectively while Fig. 19 is the error plot. The exponential convergence is shown in Fig. 20.
Fig. 17. Real part with third order basis for 2D case.

Fig. 18. Imaginary part with third order basis for 2D case.



Fig. 19. Error plot with third order basis for 2D case.
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Fig. 20. Exponential decay of the L2 error at t = 1 with increasing order of basis for 2D case.
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6. Conclusion

In this paper, we proposed a new type of generalized discontinuous Galerkin (GDG) method based on dis-
tributional formulations of Schrödinger equations with nonsmooth solutions. The unique feature of the GDG
method is its ability to handle general time dependent and nonlinear jump conditions. Numerical results of the
GDG method have demonstrated its flexibility and high order accuracy. Meanwhile, the proposed GDG
methodology can be extended to other type of partial differential equations with discontinuous solutions,
which will be addressed in future work.

Acknowledgments

The authors thank the support of the National Science Foundation (Grant Nos. DMS-0408309, CCF-
0513179), the Department of Energy (Grant No. DEFG0205ER25678), the NERSC Computing Award
and DOD JTO MRI Contract W911NF-05-1-0517 for the work reported in this paper.



K. Fan et al. / Journal of Computational Physics 227 (2008) 2387–2410 2405
Appendix 1. Split distribution and its integration by parts formula

A.1. 1D case

We will define an evenly split dðxÞ so for any function v defined in R, and a > 0, we have
Z 0�

�a
vðxÞdðxÞdx ¼ 1

2
vð0Þ; ðA:1ÞZ a

0þ
vðxÞdðxÞdx ¼ 1

2
vð0Þ: ðA:2Þ
To justify the above, let us first define a series of functions
h�ðxÞ ¼
1
e ; �a� < x < b�

0; else

�
; ðA:3Þ
where 0 6 a; b 6 1; aþ b ¼ 1: In the following, we take a ¼ b ¼ 1
2

for an evenly-split dðxÞ-function. As we
know,
lim
�!0

h�ðxÞ ¼ dðxÞ; ðA:4Þ
we define the evenly split dðxÞ by the following limiting procedure,
Z 0�

�a
vðxÞdðxÞdx 	 lim

�!0

Z 0�

�a
vðxÞh�ðxÞdx ¼ lim

�!0

1

�

Z 0�

��2
vðxÞdx ¼ lim

�!0

1

�
vðx
Þ �

2

� �
¼ 1

2
vð0Þ; x
 2 � �

2
; 0

h i

which is (A.1). Similarly, one can show that (A.2) can be defined.

For any piecewise continuous function uðxÞ with a jump at x ¼ 0, we intend to find the integration by parts
formula for a similarly defined split distribution ou

ox, in the manner of (A.1) and (A.2).
Let uðxÞ have the following decomposition
uðxÞ ¼ fug þ ½u�HðxÞ þ u1ðxÞ; ðA:5Þ

where fug ¼ 1

2
ðuð0þÞ þ uð0�ÞÞ; ½u� ¼ uð0þÞ � uð0�Þ, u1ðxÞ is assumed to be continuous and u1ð0Þ ¼ 0, HðxÞ

is the Heavside function
HðxÞ ¼
1
2
; x > 0

� 1
2
; x < 0

(
: ðA:6Þ
Define H eðxÞ as an approximation to HðxÞ,
H eðxÞ ¼

1
2
; x > e

2
x
e ; � e

2
6 x 6 e

2

� 1
2
; x < � e

2

8><>: ; ðA:7Þ
and u�ðxÞ as an approximation to uðxÞ,

ueðxÞ ¼ fug þ ½u�H eðxÞ þ u1ðxÞ: ðA:8Þ
For vðxÞ 2 C1½a; 0�; a < 0, we define the following split distribution by a limiting procedure
Z 0

a

ou
ox

vðxÞdx 	 lim
�!0

Z 0

a

oue

ox
vðxÞdx:
To derive an integration by parts formulation for the above integral, we can decompose vðxÞ as
vðxÞ ¼ v1ðxÞ þ v2ðxÞ ðA:9Þ

where v1ðxÞ þ v2ðxÞ 2 C1½a; 0�, and suppðv1Þ � ½3a

4
; 0�; suppðv2Þ � ½a; a

4
�, thus
vð0Þ ¼ v1ð0Þ; vðaÞ ¼ v2ðaÞ: ðA:10Þ
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First consider
Z 0

a

oue

ox
v1ðxÞdx ¼ ½u�

Z 0

a

oH e

ox
v1ðxÞdxþ

Z 0

a

ou1

ox
v1ðxÞdx

¼ ½u�
Z 0

a

oH e

ox
v1ðxÞdxþ u1ð0Þv1ð0Þ � u1ðaÞv1ðaÞ �

Z 0

a

ov1

ox
u1ðxÞdx

¼ ½u�
Z 0

a

oH e

ox
v1ðxÞdx�

Z 0

a

ov1

ox
u1ðxÞdx ¼ ½u�

Z 0

��2

1

�
v1ðxÞdx�

Z 0

a

ov1

ox
u1ðxÞdx
here u1ð0Þ ¼ 0; v1ðaÞ ¼ 0 have been used in the third equality.
As �! 0, using (A.10), we have
Z 0

a

ou
ox

v1ðxÞdx ¼ 1

2
½u�v1ð0Þ �

Z 0

a

ov1

ox
u1ðxÞdx ¼ 1

2
½u�vð0Þ �

Z 0

a

ov1

ox
ðuðxÞ � fug � ½u�HðxÞÞdx

¼ fugvð0Þ �
Z 0

a

ov1

ox
uðxÞdx: ðA:11Þ
Next, we consider
Z 0

a

oue

ox
v2ðxÞdx ¼

Z a
4

a

oue

ox
v2ðxÞdx ¼

Z a
4

a

ou
ox

v2ðxÞdx ¼ u
a
4

� �
v2

a
4

� �
� uðaÞv2ðaÞ �

Z a
4

a

ov2

ox
uðxÞdx

¼ �uðaÞvðaÞ �
Z 0

a

ov2

ox
uðxÞdx;
here v2ða4Þ ¼ 0; v2ðaÞ ¼ vðaÞ have been used in the last equality.
Passing the limit �! 0, we get,
Z 0

a

ou
ox

v2ðxÞdx ¼ �uðaÞvðaÞ �
Z 0

a

ov2

ox
uðxÞdx: ðA:12Þ
Now adding (A.11) and (A.12), we have
Z 0

a

ou
ox

vðxÞdx ¼ fugvð0Þ � uðaÞvðaÞ �
Z 0

a

ov
ox

uðxÞdx: ðA:13Þ
Similarly, we can prove that, for vðxÞ 2 C1½0; b�,
Z b

0

ou
ox

vðxÞdx ¼ uðbÞvðbÞ � fugvð0Þ �
Z b

0

ov
ox

uðxÞdx: ðA:14Þ
Combining (A.13) and (A.14), we have
Z b

a

ou
ox

vðxÞdx ¼ uðbÞvðbÞ � uðaÞvðaÞ �
Z b

a

ov
ox

uðxÞdx
which implies for vðxÞ 2 C0ð�1;1Þ,
Z 1

�1

ou
ox

vðxÞdx ¼ �
Z 1

�1

ov
ox

uðxÞdx;
defining the full Dirac dðxÞ if uðxÞ ¼ HðxÞ.

Remark 5. In the definition of split distribution and integration by parts formula, we have selected a ¼ b ¼ 1
2,

in principle, we could also define a general ða; bÞ-split distribution and its related integration by parts formula.
Due to the symmetry of the Laplace operator involved in the Schrödinger equation, the evenly-split
distribution is selected here.
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A.2. 2D case

On the interface C, a local coordinate (n; g) will be introduced where n is along the normal direction of the
interface and g is along the tangential direction(s). If C is given by the constant line n ¼ n
, we have
Z

K
uðx; yÞdðn� n
Þdxdy ¼ 1

2

Z
oK\C

u
jrnj ds; ðA:15Þ
and if uðx; yÞ is discontinuous across C, we have the integration by parts formula as
Z
K

ou
ox

vðx; yÞdxdy ¼
Z

oK
buvnx ds�

Z
K

ov
ox

uðx; yÞdxdy; ðA:16ÞZ
K

ou
oy

vðx; yÞdxdy ¼
Z

oK
buvny ds�

Z
K

ov
oy

uðx; yÞdxdy; ðA:17Þ
where
buðx; yÞ ¼ u; if ðx; yÞ 62 C

fug; if ðx; yÞ 2 C

�
;

and fug is the average of the values of u on both sides of C:
To show (A.15), we first transform the triangle element K into bK in (n; g) coordinates as in Fig. 21, where

sides of the bK are described by n1ðgÞ; n2ðgÞ, g 2 ½g1; g2� and bK \ C is given by n ¼ n2ðgÞ ¼ n
, g 2 ½g
1; g2�.
Then, we have
Z

K
uðx; yÞdðn� n
Þdxdy ¼

Z
bK uðn; gÞdðn� n
Þ oðx; yÞ

oðn; gÞ dndg ¼
Z g2

g

1

dg
Z n2ðgÞ

n1ðgÞ
uðn; gÞdðn� n
Þ oðx; yÞ

oðn; gÞ dn

¼ 1

2

Z g2

g

1

uðn
; gÞoðx; yÞ
oðn; gÞ

����
n¼n


dg;
here, in second quality we can restrict our integration limit to ½g
1; g2� instead of the full range of ½g1; g2� due to
the fact that dðn� n
Þ ¼ 0 for n < n
: Also, the 1D split distribution formula (A.2) has been used.

Along C ¼ fðx; yÞ ¼ ðxðn
; gÞ; yðn
; gÞÞg, the arc length is given by
ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

g þ y2
g

q
dg;
meanwhile, it is easy to check that
xg ¼ �nx
oðx; yÞ
oðn; gÞ ; yg ¼ ny

oðx; yÞ
oðn; gÞ ;
then,
 Z
K

uðx; yÞdðn� n
Þdxdy ¼ 1

2

Z g2

g

1

uðn
; gÞ oðx; yÞ
oðn; gÞ jn¼n
 dg ¼ 1

2

Z
K\C

u
jrnj ds:
Fig. 21. Coordinate transformation on C.
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Next, to show (A.16), we consider the three sides C1;C2 ¼ K \ C;C3 of a triangle K given by
fx1ðyÞ; y 2 ½y1; y2�g, fx2ðyÞ; y 2 ½y
1; y2�g, fx3ðyÞ; y 2 ½y1; y



1�g, as depicted in Fig. 22. Then,
Z

K

ou
ox

vdxdy ¼
Z y2

y

1

dy
Z x2ðyÞ

x1ðyÞ

ou
ox

vdxþ
Z y


1

y1

dy
Z x3ðyÞ

x1ðyÞ

ou
ox

vdx

¼
Z y2

y

1

dyfugvjx¼x2ðyÞ þ
Z y


1

y1

dyuvjx¼x3ðyÞ �
Z y2

y1

dyuvjx¼x1ðyÞ �
Z y2

y

1

dy
Z x2ðyÞ

x1ðyÞ

ov
ox

udx

�
Z y


1

y1

dy
Z x3ðyÞ

x1ðyÞ

ov
ox

udx ¼ I1 þ I2 þ I3 �
Z

K

ov
ox

udxdy;
here the 1D integration by parts formula (A.14) is used in the second equality.
On the side C2 ¼ K \ C of triangle K, the arc-length is given by
ds ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dx2

dy

� 	2
s

dy;
and its normal direction is given by
ðnx; nyÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ dx2

dy

� �2
r 1;� dx2

dy

� 	
;

therefore,
I1 ¼
Z y2

y

1

fugvjx¼x2ðyÞ dy ¼
Z

C2

fugv 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdx2

dy Þ
2

q ds ¼
Z

C2

fugvnx ds:
Similarly, we can show that
I2 ¼
Z

C3

uvnx ds; I3 ¼
Z

C1

uvnx ds;
therefore we have
I1 þ I2 þ I3 ¼
Z

oK
buvnx ds;
which proves (A.16). (A.17) can be similarly proven.
Fig. 22. Element K.
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Appendix 2. Justification of d-terms of (60a)–(60c)

We expand the function uðx; y; tÞ as
uðx; y; tÞ � Hðn� n
Þf ðx; y; tÞ þ H 1ðn� n
Þgðx; y; tÞ; ðA:18Þ

where Hðn� n
Þ is the 1D Heavside function in (A.6), whose derivative along n-direction is dðn� n
Þ, and
H 1ðn� n
Þ is a function whose derivative along n-direction is Hðn� n
Þ. Functions f ðx; y; tÞ; gðx; y; tÞ will be
extended away to a small neighborhood from the interface C by constant extension along the normal direc-
tion. It is noted that the remainder of the expansion in (A.18) will be a continuous function across C with con-
tinuous normal derivative.

Then, we have
ou
ox
¼ oHðn� n
Þ

ox
f þ Hðn� n
Þ of

ox
þ oH 1ðn� n
Þ

ox
g þ H 1ðn� n
Þ og

ox

¼ dðn� n
Þ on
ox

f þ Hðn� n
ÞLn
xðf ; gÞ þ H 1ðn� n
Þ og

ox
; ðA:19Þ
where Ln
xðf ; gÞ is defined as
Ln
xðf ; gÞ ¼

of
ox
þ on

ox
g; ðA:20Þ
and we have
o2u
ox2
¼ o

ox
dðn� n
Þ on

ox
f

� 	
þ dðn� n
Þ on

ox
Ln

xðf ; gÞ þ Hðn� n
ÞLn
x Ln

xðf ; gÞ;
og
ox

� 	
þ H 1ðn� n
Þ o

2g
ox2

:

ðA:21Þ
Similarly by defining
Ln
yðf ; gÞ ¼

of
oy
þ on

oy
g; ðA:22Þ
we have
ou
oy
¼ dðn� n
Þ on

oy
f þ Hðn� n
ÞLn

yðf ; gÞ þ H 1ðn� n
Þ og
oy
; ðA:23Þ

o
2u

oy2
¼ o

oy
dðn� n
Þ on

oy
f

� 	
þ dðn� n
Þ on

oy
Ln

yðf ; gÞ þ Hðn� n
ÞLn
y Ln

yðf ; gÞ;
og
oy

� 	
þ H 1ðn� n
Þ o

2g
oy2

:

ðA:24Þ

Notice that those terms containing dðn� n
Þ are singularities resulting from the jump conditions. Therefore, to
write a PDE which is valid also at interface C, we must include appropriate d-functions to compensate for the
jumps as follows.

First, by introducing p and q as in (60b) and (60c), (A.19) and (A.23) becomes
p ¼ Hðn� n
ÞLn
xðf ; gÞ þ H 1ðn� n
Þ og

ox
; ðA:25Þ

q ¼ Hðn� n
ÞLn
yðf ; gÞ þ H 1ðn� n
Þ og

oy
; ðA:26Þ
where no singularity remains. Now, since
on
ox

Ln
xðf ; gÞ þ

on
oy

Ln
yðf ; gÞ ¼

of
ox

on
ox
þ of

oy
on
oy

� 	
þ g

on
ox

� 	2

þ on
oy

� 	2
 !

¼ jrnj of
on
þ jrnj2g;
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and, as we take constant extension of f along normal direction ~n ¼ 1
jrnj ð

on
ox ;

on
oyÞ, i.e. of

on ¼ 0, from (A.21) and
(A.24), we have
op
ox
þ oq

oy
� dðn� n
Þ on

ox
Ln

xðf ; gÞ þ
on
oy

Ln
yðf ; gÞ

� 	
¼ op

ox
þ oq

oy
� dðn� n
Þjrnj2g ¼ Hðn� n
Þ Ln

x Ln
xðf ; gÞ;

og
ox

� 	�
þ Ln

y Ln
yðf ; gÞ;

og
oy

� 		
þ H 1

o
2g

ox2
þ o

2g
oy2

� 	
; ðA:27Þ
i.e. (60a) also has no singularity left.
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